Uhivn:ql construction of Unitaries

Ve re now rfad}e to teckle the generic prob|om
o given @n n -qubit unitary (/'.q:’""—-?q‘_“"‘?
implenent '+ over q fired (but ifinite, or now)
se+ of unidary gates on | or Qq,dbn‘_g, we wil| pro9ress

down Through progres’s',’vdy smallor gate Sets as
below, showihy thot e@ch cah be construected over

the simpler Set.
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Construrtion by +wo-level anitaries

A Awe-lpvel unrtary is a un'tary matrix thel acts
non-4ri V:'a”y on OfNy $wo rowS and Colum ns

F.o. =

-9 | © % | s a tue-tevel H gate
H'# = 'O ! j’ on rws/colyns (£ 3
A % O i

dmepsionS uaclear €ron nolotioh
TAm.
Any dxd usrtary matrix U can be factorsal
as o prdfd(“" of O(JQ) +we -level unitasies

U = U‘- o Uk N V: is twe-leve|

To prove 1he above theorem, it will help 4o give 4
Column lemma,

Lemma. (column lemma)
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L.P{’ v € {J Le a un/+ vector. There exists q
a4 mos+ d
ceries of Ctuo-lerel dxd unitasy matrices (/. Uy

such that
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By i Juc+tion on the non-zero entries of V.
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Where X = [lafcloR, Since the mafrix on the

lefFf alts friv,’a/ly on every other rowof l/' woeve
reduced +he nuvmber of pon-zero rows, so we'e dme

CND"'P:d rowS So <d Qdap/d‘fDIS) (=)

Now we Can prove +he theorem, hamely that every
Untary Can be Cactorized as a preduct of +wo-lesel
ofplﬂ'fpff.

pe.

By induciion on d (recal U is adrd unidary)

L€ d:=2, then U isHwo-leswl by definition.
€ o 22, thea e+ v be the €irst colymn of U,
By the column lemma, there exists atwo-level

Unﬂ'ary U, s.t,
~ , —Qoo---07
pe= (3], s UU=)3 ('
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where V' is @ d-1xd~( ynrHan. We can use +he ind.
hyp. to wrie U'es a preduct U,---U, of +we-leve| matrices

h?ﬂ(‘? U‘-"U;Uq...uﬂ => U;U'Uq-..UkZO(J'?)



Exocrd Syn{/msis

The {wo-lovel method extends to o gonesaf

method of S‘yn‘fhps;z;,g wiitaries by reducing 1o e
5}/h+hpg-,'9 of individual J"diMPnSfoﬂa, States. T}‘ is

Lill be useful |ator in Characierizing CPriajn gote
sets in terms of the unitary operelors they jmplemedt

Prop.

G{V(’h o set of gotes G, I for eny unt
J9= .

voctor VE€R where RE C there oXiSis o Sgurce

of Kk-tevel, dxd matlnx embeddngs 9. " ¢ of gales

in G such +thot 9,---91\/-‘-?,:[;], then any

unitary Ué.//'dxd(R) Can be written as a sapumece

o f k-lovel pmbatings of oates in G

we will See nex+ thet Such
opomrfo rs correspond Jo POM utations
o€ controllod 9@"’?5



DP Co Mposi h 9 twe-lovel yrtaries

Next we heed +o Shew how tus-level unHasies
may be ""‘Plpm'pn'*éd. We do 4hiS Iin 57"@‘9?3.

Recall tha+ €or U;@f,‘ ,
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(DP compoSition into PP/MM"'orh'ong S Pingle a Ub ,/;5)

L_p.[— UI—.} be qan '\-Q/“bH W’h’"nry d(‘/ihﬁ as Uon
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Since we know the muliply-controlled U g ate can

be inplemented wiih permaiations (ep. ToPEli & CNoTD
@ nd 91"\_9’0—@ vb,t 9d'f&9,\ we're o/Oh'P!



DP('omPos‘ihg irlo MCT gates

No,,/ +h.+ we"(/.( reduced od/jd‘,( Y to s‘fn’l( %ubhl
and permutation ope/q-fors‘.) We Nedd Hdo show that

PO/mu'fa tron ope’fn‘/'aﬂs can be Compiled 4o M(Tg ates.

Let"s do the Fun algebraic verSios !

Fact

/

A dxd pprmm‘m‘ioh madrix Pis a linear
[’PP/PS"Ph+a‘l'a+;an of" q porutation o i S,
A

5 o Y o
F.g. Let P=|1 0o | Then
D10
Dloy =11
biy 21ay = P s the peracatiz
O
Pia> =lo> 3)<——¥62 in S,
Fact

EV@/\/ P?’M“f'a‘fa'o/\ )’'n S‘ can be writHen as a fypdup/— ot
odjacent dranspe Si+ions (iyi11) €= swaps i’ i+l

E-o 9):3: = (& Us2)
Ovaluated right 1o le€t, ie.
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binary

TA( 9f.y C.QOIP 'S 04 P/l('OJI./I} D‘rnumbpls Sk
that ddjaf'an‘/' numbers cffer by a 5')‘,.‘9/.- brt
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Unler The gray enrcoding, dn edjacent trapspasition
(i,i4]) can be implemented by an MCt g ate vidh
Some hegeldive ot s

Fop WLOE assume 1a it dif€er inthelr last b e

" = X' .. .)(k O
4l = X, X |
Then with a single MNCT gate we cwn t/onspase
.4l by Flpping the Final bt if anlonly
cach of +h e precedine brs are in the State




DP(‘onpos‘Hion into MCT 3d‘ff.$

M.
An arbitrary fP/M“‘fﬁﬁon P:C~ — O can
be implenented using MCT gorles

E x.
To permute 0017 — l110) we Can use

tAe _g(q/MPhPP 00— 000 — 0(0-—-?(107
which Corresponds o the following CirCut

0t
Note:

G?h'v‘/"(a //y, ImPIPmon‘f ihg @ f{rmu-'n"h'o/] this way
would vse O(Y”) MCT gaiteS €or an ’\—?/lb/"’ circut,
A 4ightor analys:s gives Ob) >ince we Cdn chooSe
any Permu'fa'h'on Fhalt Sends

112+ | ;)&-—'( ray code order

13> > Li*l? gro¥ )
gnd in particulas we neal only £lip at mosy n-| bj}s,
L4 deesa™ really mattor onyway because we

afr.eqdy have O(‘{h) + wo-level 0P€”o+o/$, So
4h:/S won "+ be CfECiciont in pra Al e !



A’no‘l'e agbou+t Pp/,.whh‘an.s

, N
R'P(-@” 'f/lﬂ‘/' PPI’MW}Q"’OI"J on C o’e€ pxa('f/y
+he n-brt reversible functwns, so it s usefyl 4o Sﬂ“&
them AcClasSsic 1heore,, relates +he € Ven permutations

4,45,

Yo +4ne existonce of ancilla-€ree Circwts over
{ CNot, X, Toffoly

(Note: even permuiaiins ere ones with gn even Number

ol +ra ,.S'Po.?/’-/lb’ls- As ma-}r/(-pg’ P s an ovén
Pprmu-fa-/,'on i€ 8 Dﬂﬁ/ it et P=| )

Thm.

L€+ P be a quaq prm‘l'fa‘f/‘oﬂ Motrs L. T/\p/-' P

A hoat anrilias

w ¢

con be a'm,olme/n‘Pd"o ver $CWOTy X, TORD3 if an «/m/y
i£ Pis even (i., ded P is /) provickal n>3

PE€ sheich.

The backwards doirection is easy g:ven that:
dot AB = det A -det B
Jot A®L,=(de+ 4)°

dJdet X/CNot/Tof¥ol/ = -
So any Yos mae gubrt circat over §CNIT, ¥, Tof¥2li3 has

determinant |
The other dinection Can be shown Consiructively 5y

,',,,PIpmamh’n_g . | N
P [ _._jp. e-m_P"E bvs‘fhnom?
- L - ; upper bounl 1S

whore earh P: /s on only n-1 qubrls LOpen Qa‘é‘//im-'




Der‘onpos/f lon into
Siﬁ,'f’q/abi'} + CNOT 90{’-@3

What we've Shown
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Can 90‘/ own 4o
How mahy gates 15 +hat!? f O(n)
y

-0 (Q")Q) 4 wo- level PP" UniHar
«O((g)?) MCT per permtmlion™
¢ O (A) Shgle-gubit + CNOT pe/ MCT

o O(qQI{,n) (or O(n"V?)




A Side: OP‘, im,2adion

Thp eParlies wor HS in ?Manlam r'omf)i’p/ O)Of'mlsdhb;.
ver e forused on Dp" I'mfzirg this ('o/vpi/.h‘an chain, TAP

bottlenech is ‘he dp(bmf)aS‘i«I/on nto +wo—|leve|
of>¢>raf/or‘g1 w hirh Aio L Swore (9023) tackley

A ()
4/090/' booh fame ,n,’(/osa-ﬁ/ 7umiam Ster

heuriSti~olly aS 0 (‘ompr'lw opiimizatlion, Tn a se//es
o€ 'nfers n -?00‘{,, L/dr+;at'npn1 Mo+ pnen R M
9aw’ Mmer e 5)@‘/*’Mﬂ‘1’l‘(‘ cons{rvt{,ons gedJing ths
down o O(4") CNOT & Sitgle-gubi gates, All of this
is o bet of o moof Po/'h‘l’ becouse OW) ~ill il
any Speed-up of & guaniym olgerr1hm, Se atend ion
} urned more fo efCicient constrviens of speC/ific
nults-gubid unidaries, These ore however useful (os

we will 9000 theoretical toels which ere asywpioiically
0P+ imal in the sense that some unaries regove
a7 [pqS‘/' O(l/h) CNoT _90‘/05

Thm (Sheade, Marhov, Bulloch d00Y)
TAP/P fx 1S+ h"q,wb/-/- vunidanrs whir h cannot
be decomposed over CNOT + Single gubit oefes

with €ewmer 1hgn O(Y") CNot gates



